Abstract. The stability of fully compressible isothermal shear flows is studied in response to recent claims that such flows could be locally unstable to a linear instability. The behavior of the solution is characterized by the time-dependent Rayleigh quotient, which lies between the smallest and the largest eigenvalue. The imaginary part of the Rayleigh quotient (corresponding to a growth rate) is, for different initial conditions, always found to approach zero provided the flow is Rayleigh stable (angular momentum increasing outwards). The real part (corresponding to frequency) is usually growing linearly in time, which reflects the progressive increase in wavenumber for horizontally propagating sound waves.
Introduction
With their recent preprint, Richard et al. (2001, hereafter RHDDDZ) have revived interest in local hydrodynamic (non-magnetic) instabilities in accretion discs. The idea is that vertical stratification, which is stable to convection, could destabilize an otherwise stable shear flow. There seem to be some parallels to the Balbus-Hawley (1991) instability in that there too is an additional effect (the magnetic field) which would usually tend to stabilize a flow. But unlike the Balbus-Hawley (or magnetorotational) instability, the restoring force in a stably stratified atmosphere, which allows g-modes, is purely vertical and does therefore not couple to the shear. The results of RHDDDZ were challenged in another recent preprint by Goodman & Balbus (2001, hereafter GB) . Although in both papers the wavevector k is assumed time-dependent, RHDDDZ derived a pseudo-dispersion relation, ω(k), which is incompatible with the assumption that ω is independent of t. GB, on the other hand, kept the k(t) dependence until the very end of their calculation and found that the solution is stable at late times. We shall see below that the results obtained from a pseudo-dispersion relation cannot be regarded as a useful approximation even for short times.
In both papers the Boussinesq approximation is made, which becomes invalid for long wavelength modes. One purpose of the present paper is to avoid this restriction by considering the fully compressible case. Such an analysis is relatively straightforward for an isothermal atmosphere with constant gravity. In the following we shall make such an assumption, because the proposed insta-⋆ New address: Observatoire Midi-Pyrénées, 14 avenue E. Belin, 31400 Toulouse, France bility of RHDDDZ does not rely on gravity varying with height. We analyze the results numerically in terms of the Rayleigh quotient, which is a useful estimate of the eigenvalue in problems with time-dependent coefficients.
Basic equations
We consider a linear shear flow, u (0) (x) = Sxŷ in a frame of reference that is rotating with angular velocity Ω; see GB. Relevant to keplerian accretion discs is the case S/Ω = −3/2. The equations for the departure from the rotating linear shear flow are given by
where the time derivative
includes the transport by the shear flow, and the term
describes epicyclic deviations from purely circular motion; see, e.g., Brandenburg et al. (1995) . Gravity points downwards, g = −gẑ, and g is assumed constant. Apart from some constant offset (which is put to zero), the specific entropy s is given by
where γ = c p /c v is the ratio of specific heats at constant pressure and constant volume, respectively. We linearize Eqs (1) 
where the factor h(z) ≡ exp(γgz/2c 2 s ) is necessary to remove all z-dependence in the equations, andṽ ′ ,s ′ , and p ′ are new dimensionless variables. We also introduce dimensionless space and time variables via
This nondimensionalization was used by Brandenburg (1988) for the case Ω = 0 in order to arrive at an equation with hermitian operator. This is straightforward to generalize to the case Ω = 0, S = 0 and leads to
where the tildes on t and ∇ are dropped, and
T is the state vector, and
denotes the dimensionless Brunt-Väisälä frequency. Following GB, we make the 'shearing sheet' ansatz
with k x (t) = k x0 − k y St, which leads to a set of ordinary differential equations,
witĥ
being a matrix which is hermitian if
ji , where the asterisk denotes complex conjugation. It is now useful to define the Rayleigh quotient,
where a|b = 5 i=1 a * i b i defines a scalar product. In the absence of shear, S = 0, ω is real and independent of t, and it satisfies the dispersion relation ωD(ω, k) = 0 with
where
, and κ is the epicyclic frequency with κ 2 = 2Ω(2Ω + S). Written in dimensional form, this dispersion relation is identical to the usual one for atmospheric waves in an isothermally stratified atmosphere (Stein & Leibacher 1974 , Ryu & Goodman 1992 ). There are five solutions, one zero-frequency mode, ω = 0, and four others with ω = ±ω p (k) and ω = ±ω g (k), corresponding to p-and g-modes, respectively.
If one ignores the time-dependence of k x in cases with S = 0, one gets the pseudo-dispersion relation,
where D is given by Eq. (16). All branches attain now an imaginary part. The previous zero-frequency branch is now purely imaginary with positive (negative) imaginary part for positive (negative) values of Sk x k y . The previous p-and g-mode branches continue to have a real part, but now they also attain a positive or negative imaginary part. However, this cannot be taken as evidence for instability; see GB. Only in the axisymmetric case, k y = 0,L becomes independent of t (k x = k x0 = const) and so Eq. (16) can be used even when S = 0. From Eq. (16) it is clear that now instability requires
so instability occurs first for small values of k 2
x and large values of k 2 z , in which case we have κ 2 < 0, corresponding to Rayleigh's criterion −S > 2Ω.
In the Boussinesq limit, the background state is assumed uniform, so the ±i terms in front of k z in Eq. (14) are absent (which corresponds to assuming k 2 ≫ 1). Equation (17) does then not reduce to the corresponding expression of RHDDDZ, because there is an ambiguity depending on when in the process of eliminating variables the time-dependence of k x is ignored. To arrive at Eq. (17), we have assumed k x = k x0 before taking the determinant of the matrix, while RHDDDZ have assumed k x = k x0 only when calculating the eigenvalue, which was then assumed constant. This implies, for example, that k·dû/dt = 0, even though k·û = 0. We also point out that even in the absence of stratification the pseudo-dispersion relation both here as well as in RHDDDZ would suggest instability. [Putting N = 0 in Eq. (12) of RHDDDZ still allows instability provided k z /k θ < √ 3.]
Numerical experiments
We consider first the axisymmetric case, k y = 0, k 2 x = const = k 2 x0 = 2, and k z = Ω = 1, for various values of S. For γ = 5/3 we have N = √ 24 ≈ 4.9 and so the system becomes Rayleigh unstable for κ 2 < −1.85, corresponding 92Ω the system becomes Rayleigh unstable, and ω g becomes purely imaginary (denoted by λ g ). The diamond at S = 3, λ g = 0.39 is given for further reference. The p-mode branch (indicated by ω p ) has nearly constant frequency. In the nonaxisymmetric case, with the same (but fixed!) k 2 ⊥ = 2 (k x = k y = 1) the pseudo-dispersion relation gives values indicated by dotted lines and labelled in parenthesis. to S < −2.92. In Fig. 1 we plot the dependence of ω g for different values of S/Ω.
In Fig. 1 we have also plotted the results for real and imaginary parts of ω g obtained from the pseudo-dispersion relation using k x = k y = 1 (independent of t). For κ 2 > 0 the ω g -branch is similar to that in the axisymmetric case, but there is now a spurious imaginary part -labelled (λ g ) -even before the system is Rayleigh unstable.
Next, we consider the evolution of ω(t) using Eq. (15) and solving Eq. (13) numerically for different initial conditions,q 0 =q(0); see Balbus & Hawley (1992) for a similar investigation in the presence of a magnetic field. We first consider the same case as before; k y = 0, k 2 x = k 2 x0 = 2, k z = Ω = 1, S = −3/2. As expected, Im ω is very close to zero, while Re ω gives different results depending on initial conditions (see Fig. 2 ), but in all cases ω(t) lies within the smallest and largest eigenvalue of the problem. In the Rayleigh-unstable case (S = −3, see Fig. 3 ), Im ω always settles after some time onto the most unstable mode; cf. the diamond in Fig. 1 .
We now consider the case k x0 = k y = k z = Ω = 1, with S = −3/2, and again different initial condition; see Fig. 4 . It turns out that after some adjustment phase of about one orbit the solution has settled on a Rayleigh T andq 0 = (1, 0, 1, i, 0) T , respectively, while ω p and ω g indicate that the corresponding eigenfunction has been chosen as initial condition. Fig. 3 . Evolution of the imaginary part of the Rayleigh quotient for the axisymmetric Rayleigh-unstable case, k y = 0, with k 2 x = 2, k z = Ω = 1, S = −3. Cases (i) and (ii) refer to the same initial conditions as in Fig. 2 while λ p and λ g indicate that the corresponding eigenfunction has been chosen as initial condition. In all cases, however, Im ω settles after some time onto the most unstable mode. quotient whose real part (corresponding to frequency) is increasing linearly with time, but the imaginary part always approaches zero. We have confirmed this behavior for a range of different parameters including cases where Ω ≫ N and/or k y ≪ 1. The origin of the linear evolution of the real part of ω will be discussed in the next section.
Long-term behavior
At late times the matrixL is dominated by just the two k x (t) terms. To understand the consequences for ω(t) we consider the simple example
which has the solutionq =q 0 exp(
, with a corresponding Rayleigh quotient Fig. 4 . Evolution of the real and imaginary parts of the Rayleigh quotient for k x0 = k y = k z = Ω = 1, S = −3/2, and different initial conditionsq
Note that Im ω is positive during the first few orbits of the evolution. This is only shown for case (i), but the others are similar. whereq 0 is the initial condition andL 1 =L(1). Thus, the value of ω 0 depends crucially on the initial conditions. For more complicated matrices, there is still a linear evolution of ω(t), but the value of ω 0 is no longer given by a simple expression such as Eq. (20). This is mainly because at early times the solution is not yet governed by the k x (t) terms, and soq evolves first to a state which can then act as an effective starting conditionq 0 .
In the Boussinesq or anelastic cases, the dp/dt term is absent and so ω(t) approaches then the Brunt-Väisälä frequency at late times (GB). This suggests that the linear growth of Re ω is connected with the progressive increase of the radial wavenumber of sound waves and is therefore independent of stratification. The linear increase of ω(t) is however not associated with an increase of kinetic energy, which is also evidenced by the lack of positive values of Im ω for any extended interval of time.
Conclusions
In the present paper we have highlighted possible pitfalls in connection with local stability studies of shear flows in general, and stratified shear flows in particular. In the global case with boundaries, Kelvin waves are possible which could cause instability; see Molemaker et al. (2001) and the corresponding discussion in GB.
Confirming the results of GB, we have demonstrated that even a fully compressible isothermal atmosphere is, within the framework of the shearing sheet approximation, stable for horizontal keplerian shear. The behavior of the solution is well characterized by the Rayleigh quotient, ω(t), obtained for a range of different initial conditions. This work has also highlighted the absence of any correspondence between the growth rates obtained from the pseudo-dispersion relation and the actual evolution of Im ω(t). Of course, there will be transient growth from almost any initial condition and for any value of S/Ω -including S/Ω > 0, which would be stable even in the presence of magnetic fields (Balbus & Hawley 1991) .
We wish to emphasize that in the non-Boussinesq stratified case it is important to remove z-dependent coefficients before making the exp(ik z z) ansatz. Otherwise, persistent imaginary parts of ω(t) will arise that reflect merely the fact that velocity increases as a wave packet travels into less dense regions.
Finally, it should be pointed out that if keplerian shear flows were locally unstable in stratified media one might have seen this in the fully nonlinear shearing sheet simulations of Brandenburg et al. (1995) , where the Lorentz force was removed and the dynamo-driven turbulence was found to decay rapidly; see their Fig. 4 . A similar test, but for the unstratified case, was also done by Hawley et al. (1995) . We note that real discs have vertical shear which does allow for a hydromagnetic instability, but it is far less powerful than the Balbus-Hawley instability (see Urpin & Brandenburg 1998) .
